Since many equations of practical systems such as Schrödinger equation, Ginzburg-Landau equation and Orr-Sommerfeld equation are defined in complex number fields, in this paper, the issue of controllability and observability for an [r]-matrix time-varying impulsive system defined in complex fields is addressed. Several sufficient and necessary conditions for state controllability and observability of such a system are established. Meanwhile, corresponding controllability and observability criteria for the [r]-matrix time-invariant impulsive system are also obtained. MSC: 34H05; 34H99
Introduction
Since many evolution processes, optimal control models in economics, stimulated neural networks, frequency-modulated systems and some motions of missiles or aircrafts are characterized by impulsive dynamical behavior, the study of impulsive systems is of great importance. Nowadays, there has been an increasing interest in the analysis and synthesis of impulsive systems, or impulsive control systems, due to their theoretical and practical significance; for example, [-] and the references therein.
As the fundamental issues of modern control theory, the controllability and observability have been studied extensively in the context of finite-dimensional linear systems, nonlinear systems, infinite-dimensional systems, n-dimensional systems and hybrid systems using different kinds of approaches [-] . In particular, many efforts have been focused on the problem of controllability and observability for various kinds of impulsive systems using different approaches. The geometric analysis of reachability, controllability and observability for impulsive systems in terms of invariant subspaces were presented in [, ] . By proposing the rank condition, Guan et al. [], Zhao et al. [] and Shi et al. [] proposed the sufficient and necessary conditions for state controllability and observability of different kinds of linear time-varying impulsive systems, respectively.
However, the common setting adopted in the above-mentioned works except [, , ] is always in real number fields. which have extensive application in image processing. Due to these reasons, it is important and necessary to study the control theory of complex matrix impulsive systems.
To the best of our knowledge, there is no result so far about the control theory of complex matrix impulsive systems. Inspired by [, ] , in this paper, we consider the fundamental concepts of controllability and observability of complex [r]-matrix time-varying impulsive systems by an algebraic approach. The main difficulty is to investigate the conditions for controllability and observability of complex [r]-matrix impulsive systems in the context of complex matrices. Explicit characterization for controllability and observability of this kind of a system in terms of the rank conditions is presented by use of the matrix differential theory in a complex field. These questions are meaningful and challenging.
The paper is organized as follows. In Section , the complex matrix time-varying impulsive systems to be dealt with are formulated and several new results about the variation of parameters for such systems are presented. Several sufficient and necessary conditions for state controllability and state observability of complex matrix time-varying impulsive systems and corresponding complex matrix time-invariant impulsive systems are established in Sections  and , respectively. An example is given to explain those results in Section .
Finally, some conclusions are drawn in Section .
Notations and preliminaries
In order to make precise the concept of a complex We are now able to define an [r]-matrix linear time-varying impulsive system on the interval I = [t  , +∞)
where
, and the discontinuity points t  < t  < t  < · · · < t k · · · , lim k→∞ t k = +∞, which implies that the solution of () is left-continuous at t k .
, there exists a piecewise lo-
can be uniquely determined by the corresponding system input u(t) and
To study system (), we first consider the following [r]-matrix time-varying system:
x(t) = A(t)x(t) + B(t)u(t). () See Everitt and Markus [], a solution x(t) of () is a column [r]-vector in
, and an initial state
, according to the classical Lagrange formula of variations of parameters
Here
X(t, s) = X(t)X - (s) is the transition matrix and X(t) is the n × n [r]-matrix fundamental solution characterized bẏ

X(t) = A(t)X(t).
Let A * be the conjugated transpose of a complex matrix or a complex block matrix A, and let
Next we will present the solution of system ().
Lemma  For any t
Proof According to (), we have
X(t, s)B(s)u(s) ds,
where x(t +  ) is given by (). This implies that Lemma  holds for k = . Now, assume that Lemma  holds when k = m, namely, for t ∈ (t m , t m+ ],
where 
Thus, when t ∈ (t m+ , t m+ ],
which implies that Lemma  is true when k = m + . According to the mathematical induction, we can immediately conclude that Lemma  is true. This completes the proof.
Controllability
In this subsequent section, we discuss the controllability criteria of complex-valued [r]-matrix impulsive system () using the algebraic method. http://www.advancesindifferenceequations.com/content/2013/1/129
For t f ∈ (t k , t k+ ], assume that I + E j (j = , . . . , k) are invertible and denote the following n × n block matrices:
Now we present a sufficient condition and a necessary condition for the controllability of [r]-matrix time-varying impulsive system ().
Theorem  System () is controllable on [t  , t f ] (t f ∈ (t k , t k+ ]) if there exist an l ∈ {, , . . . , k} and a matrix G ∈ M m×n (C r×r ) such that W l is invertible or GF l = I (identity matrix).
Proof (i) Without loss of generality, suppose that there exists an l ∈ {, , . . . , k} such that the complex matrix W l is invertible. For an initial state x  , choose
which implies also that the control is piecewise locally bounded on [t  , t f ]. Thus applying () into () yields that
It follows that system () is controllable on [t  , t f ].
(ii) Without loss of generality, suppose that there exist an l ∈ {, , . . . , k} and a complex matrix G ∈ M m×n (C r×r ) satisfying GF l = I. Then, given an initial state x  ∈ M n× (C r×r ), we http://www.advancesindifferenceequations.com/content/2013/1/129 design the following control law:
which implies that the control u(t) is piecewise locally bounded on [t  , t f ]. By Lemma  and (), the corresponding solution of () yields
Hence, by the definition of controllability, system () is controllable on [t  , t f ]. This completes the proof.
Theorem  If system () is controllable on
where W (·, ·, ·), i and V i are defined in ().
Then there exists a nonzero nr ×  complex vector x  such that
()
The integrands of () are nonnegative x 
X(t i- , s)B(s)u(s) ds
Multiplying both sides of the above equation by
where u  (t) denotes the first column of u(t). Moreover, multiplying x *  to both sides of the above equality from left, from () and (), we have
This contradicts the assumption that x  = , and we conclude that () holds. This completes the proof. D(t) , the sufficient controllability criteria and necessary controllability criteria obtained in Theorem  and Theorem  are the existing results in [] . Furthermore, when system () is defined in the real number fields, the sufficient controllability criteria and necessary controllability criteria obtained in Theorem  and Theorem  are the existing results in [] . However, since the controllability criteria in Theorem  are sufficient conditions, there exists some conservatism in Theorem , further research is needed for the controllability of system ().
Remark For system () with r =  and continuous A(t), B(t), C(t) and
Observability
In this section, our objective is to explicitly characterize the observability criteria of complex-valued [r]-matrix impulsive system (). First, a claim is presented []: For n × n complex matrix A, there exist scalar functions β  (t), β  (t), . . . , β n- (t) such that
From system () and Lemma , we can get the output
and
where l = , , . . . , k. Rewrite () and ()
It is easy to see, from Definition , that the observability of system () is equivalent to the estimation of x  fromỹ(t). We denote the nr × nr block matrices M(t  , t f ) as follows:
Now we present the sufficient and necessary condition for the observability of system ().
Proof Multiplying both sides of (), respectively, by X * (t, t  )C(t) * and
* from left and integrating with respect to t from t  to t f yield that
(   ) http://www.advancesindifferenceequations.com/content/2013/1/129 which implies that
From Definition , system () is not observable on [t  , t f ] (t f ∈ (t k , t k+ ]). This contradicts the assumption of observability. This completes the proof.
For system (), when A(t) = A, B(t) = B, C(t) = C, D(t) = D, the complex impulsive system becomes a complex linear time-invariant impulsive system. We have a more concise result than Theorem . Denote 
This shows that
Ce A(t-t  ) x α = , t ∈ (t  , t  ].
Clearly, when t = t  , we have Cx α = . Differentiating () j times and evaluating the results at t = t  yield that CA j x α = , j = , , . . . , nr -.
Hence we deduce that Sx α =  for x α = . It follows that rank(S) < nr, which leads to a contradiction with the assumption that rank(S) = nr. The proof of part (i) is completed. 
